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Abstract. The global existence of solutions in H 2 is well known for 
H 2 critical nonlinear Schrodinger equations with small initial data in 
high dimensions d > 8(see [1]). However, even though the solution is 
constructed by a fixed-point technique, continuous dependence in H 2 
does not follow from the contraction mapping argument. Comparing 
with the low dimension cases 4 < d < 8, there is an obstruction to this 
approach because of the sub-quadratic nature of the nonlinearity (which 
makes the derivative of the nonlinearity non-Lipschitz). In this paper, 
we resolve this difficulty by applying exotic Strichartz spaces of lower 
order instead and show that the solution depends continuously on the 
initial value in the sense that the local flow is continuous H 2 — > H 2 . 
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1. INTRODUCTION 

In this paper, we study the Cauchy problem for the following nonlinear 
Schrodinger equation 



(1.1) 



idtu + An = g(u), t G M, x 6 

n (o,x) = (p{x) e H 2 (R d ), x e 



where the spatial dimension d > 8, the .£f 2 -critical nonlinearity g satisfies 

(1.2) geC\C,C), 5(0) = 0, 

and obeys the power-type estimates 

(1-3) g z (u), g- z {u) = 0{\u\^), 

(1.4) g z {u) - g z (v), g- z {u) - g- z {v) = 0(\u - v\^), 

where O denotes the Landau's symbol and g z , g z are the usual complex 
derivatives be defined under the identification C = M 2 , that is, 

l/dfl -dg, l.dg .dg 

l 
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The Cauchy problem (jl.ip in the Sobolev space H 2 (R d ) has been quite ex- 
tensively studied(see El m El El QUI HB E21 H3] ) - The local well-posedness 
for IVP (jl.ip was established in [U El [TT] in both H 2 subcritical and critical 
cases by using spatial derivatives, in which we would need a further assump- 
tion azj > 1. The reason for the additional restriction on spatial dimension 
d is that obtaining H 2 estimates by differentiating twice the equation in 
space would require that the nonlinearity g is sufficiently smooth at the ori- 
gin. Nevertheless, we may as well differentiate the equation once in time, 
and then deduce H 2 estimates by the equation. Based on this idea which 
goes back to [9], the authors were able to construct solutions to (jl.ip in 
.ff 2 -subcritical cases by using time derivatives with minimal regularity as- 
sumptions on the nonlinearity g in [H El [TOl [T2"l [T7] . In the 2 -critical 
case, global well-posedness for IVP (11. ip in arbitrary dimension d > 4 was 
also obtained in [UQ2] provided ||<^||^2 is sufficiently small. As for the conti- 
nuity of the solution map (j) i— )■ u for (jl.ip . it's well known that we can deduce 
from contraction mapping arguments and interpolation inequalities that the 
local solution flow is continuous H s — > H s for any s < 2 (see [HEKH]). But 
it is weaker than the expected one, that is, continuous dependence on ini- 
tial data in H 2 (M. d ). To our best knowledge of previous results, continuous 
dependence in H 2 (R d ) was proved in [21 [9] for the subcritical case and in [3] 
for the critical case and low spatial dimensions d < 8. 

In this paper, by using exotic Strichartz spaces equipped with lower frac- 
tional order time derivatives, we show that continuous dependence holds in 
H 2 (R d ) in the standard sense for the i? 2 -critical Cauchy problem (jl.ip in 
high dimensions 8 < d < 12. More precisely, our main result is the following. 

Theorem 1.1. Assume d > 8 and the nonlinearity g satisfies conditions 
(jl.2p - (|1.4p . If initial value <ft € H 2 (R d ) with || A0|| L 2( K d) sufficiently small, 
then by Theorem 1.4 in [4], there exists a unique, global, strong H 2 -solution 
u € C(R, H 2 (M. d )) of the Cauchy problem (fTTT|) . Moreover, 

u £ L q (M, H 2,r (R d )) and u t G L q (R, L r (R d )) 

for every admissible pair (q,r). If we assume further 8 < d < 12, then the 
solution u depends continuously on the initial value <p, that is, if <p n — > eft in 
H 2 (M. d ) and ifu n denotes the solution of (jl.ip with the initial value (f> n , then 
u n is global for n large enough, furthermore, u n — > u in L q (R, H 2,r (M. d )) and 
(u n )t — > ut in L q (R, L r (M. d )) as n — > 00 for every admissible pair (q,r). In 
particular, u n —t u in C(R, H 2 (R d )). 

The rest of this paper is organized as follows. In Section 2 we give some 
useful notation and preliminary knowledge. Section 3 is devoted to the proof 
of Theorem 11.11 

2. Notation and preliminary knowledge 

2.1. Some notation. Throughout this paper, we use the following nota- 
tion, z is the conjugate of the complex number z, $iz and Qz are respectively 
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the real and the imaginary part of the complex number z. We denote by p' 
the conjugate of the exponent p E [l,oo] defined by - + -K = 1. All func- 
tion spaces involved are spaces of complex valued functions. We will use 
the usual notation for various complex-valued function spaces: Lebesgue 
space 17 = L r (R d ), Sobolev spaces H s ' r = H s > r (R d ) := (I - A)~ s / 2 L r , ho- 
mogeneous Sobolev spaces H s,r = H s,r (W l ) := (— A) _s / 2 L r , Besov spaces 
B^ b = B^ b {R d ) and homogeneous Besov spaces B^ b = B^ b (R d ). For the 
corresponding interpolation and embedding properties of these spaces, refer 
to [HE]. For any interval Jcl and any Banach space X just mentioned, 
we denote by C(I,X) the space of strongly continuous functions from I to 
X and by L q (I,X) the space of measurable functions u from I to X such 
that ||n(-)||x € L q {T). Let Lf (R, L T x (R d )) denote the Banach space equipped 
with norm 

h\\ L m> L rm) = ( /( / \u(t,x)\ r dxy/ r dt)^, 



with the usual modifications when q or r is infinity, or when the domain 
R x R d is replaced by a smaller region of space-time such as / x R . 

As usual, we define the "admissible pair" as below, which plays an im- 
portant role in our space-time estimates. 

Definition 2.1. We say that a pair (q,r) is admissible if 

(2.1) l =5 (r) = d{\-\) 

and 2 < r < J^(2 < r < oo if d = 1, 2 < r < oo if d = 2). 

Throughout this paper, (7, p) denotes a particular choice of admissible 
pair defined by 

(2.2) 7=^^, p- 2d{ "- 2) 



d-4 ' r d(d-4) + 8' 
The following definition concerns the parameters that occur in our paper. 

Definition 2.2. For any 2 < r < d/2, we define the corresponding Sobolev 
exponent r* € (r, +00) by 

2 x 1 1 2 

r* r d 

so that H 2 ' r (R d ) L r *(R d ) by Sobolev embedding. 

In what follows positive constants will be denoted by C and will change 
from line to line. If necessary, by C* ... * we denote positive constants de- 
pending only on the quantities appearing in subscript continuously. 
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2.2. Littlewood-Paley theory on time variable. We define the Fourier 
transform with respect to time variable t to be 

•77(r) = /(r) := / e- 2mtT f(t)dt- 

Let p be an annulus in momentum space R r given by 

p={rGR T : j < \t\ < jj}, 

and let x( T ) be a radial bump function supported in the ball {r G R T : |r| < 
4/3} and equal to 1 on the ball {r£l T : |r| < 3/4}, £(r) = x(^/2) - x(r) 
be a radial bump function supported in the annulus p respectively, such that 

< x(r), £(t) < 1. 

So we can define decomposition of the whole momentum space R r , 

(x(t) + X^i>o < ?(2~"'' r ) = 1) Vr 6 M r (inhomogeneous), 
^ jGZ r ?(2 _J r) = 1, Vt G R T \ {0} (homogeneous), 

with the following properties: 

(i) supp(p(2~ J ■) p| supp(p(2~^ ■) = 0, for Vj, j' G Z such that |j — j'| > 2; 

(ii) suppx(-) f] supp(p(2~ 3 ■) = 0, for Vj > 1. 

Now setting = J 7_1 (x(t)), (p(t) = T (^(r)), then we can define the 
Fourier multipliers as following 
' AjU = J r - 1 (^(2-^T)u(r)) = 2 j f R cp(2i S )u(t - s)ds, j G Z, 

< S <jU = JT-l( x (2-V)u(r)) = 2* J R h(Vs)u(t - s)ds, j G Z, 

k S>^ = u - = - x(2- J r))S(r)), j G Z. 

Similarly, we can define S<j, S > j and Si<.<j := S < j — S < i. Due to identity 
£(t/2*) = x(T-/2 j+1 )-x(^/2 j ), we have A jU = (S^+t-S^u for any j G Z. 
So for any u G <S'(Rf), we have inhomogeneous Littlewood-Paley dyadic 
decomposition u = S^u + ]Cj>o Ajit an d homogeneous decomposition u = 
Y^j & %AjU in <S'(R t ), respectively. 

As with all Fourier multipliers, the Littlewood-Paley operators on time 
variable commute with differential operators such as idt + A and complex 
conjugation. They are self-adjoint and bounded on every L v t and Hf space 
for 1 < p < oo and s > 0. We will use basic properties of these operators 
frequently, for instance, in the following lemma(see [15} I16|). 

Lemma 2.3. (Bernstein estimates). For 1 < p < q < oo, s > 0, we have 

ll^ ±s A i /|| Lf(R) ~2 ± ^||A,/|| Lf(IR) , 

\\dtS<jf\\ L P(M.) < C2 JS ||S , < j /|| L P (R) , 

l|A J /llL ? (R)<C2 j( i-i ) ||A i /|| L?(R) , 
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\\ S >jf\\Lf(R) < C2 ~ JS \\dt S >jf\\Lf(M.)- 

2.3. Properties of the Schrodinger group (e l * A )t 6R . We denote by 
(e** A )t£R the Schrodinger group, which is isometric on H s and H s for every 
s > 0, and satisfies the Dispersive estimates and Strichartz's estimates(for 
more details, see Keel and Tao [8]). We will use freely the well-known prop- 
erties of of the Schrodinger group (e ltA )t eR (see [5] for an account of these 
properties). Here we only mention specially the Strichartz's estimates for 
non-admissible pair as below, which can be found in [5| 115]. 

Lemma 2.4. (Strichartz's estimates for non-admissible pairs). Let I be an 
interval ofR (bounded or not), set J = I, let to € J, and consider $ defined 
by: t ^ $/(t) = f* Q e^-^f^ds fort G /. Assume 2 < r < 2d/(d-2)(2 < 
r < oo if d=\) and let 1 < a, a < oo satisfy 

l + - = 5(r) = N( 1 ---). 
a a 2 r 

It follows that <£>/ € L a (I, L r (R d )) for every f € L d '(I, L r '(R d )). Moreover, 
there exists a constant C independent of I such that 

II $ /IIl<" (/,!/•) < CII/ II La' (/,!/•') 
for every f € L d '(I, L r '(R d )). 

3. PROOF OF THEOREM O 

Now we are ready for proving Theorem II. 1[ First, let us recall some facts 
concerning the global existence, regularity and uniqueness of the solution to 
Cauchy problem (ll.lj) (see [4]). To this end, we define 

(3.1) Q{u){t) = -i I e^-^giuis^ds. 

Jo 

From CCI, (JL3J), Sobolev embedding H 2 < r (R d ) ^ L r *(R d ), the equations 
id t Q{u) + AQ(u) = g(u), d t G(u)(t) = -ie^g^) - i J* e'C*-^^^))^, 
Strichartz's and Holder's estimates, it follows that 

(3.2) \\dtG{u)\\ Lq( ^ !L r(j^d)) < C||A0|| L 2( R d) +C\\d t g(u)\\ L ^ ( ^ fLP ig SLd ^, 

(3.3) HA^Cu)^,^) < \\g(u)\\ LWr) + C\\A<p\\ L 2 + C\\d t g(u)\\ 

LV (K,Lp')' 

4 

(3.4) \\d( u )\\L<i(R,L r (M. d )) < C|I M II ~ 2d \\^ u \\L9(R,L r (R d ))> 

V V " L°°(R,Ld-4(R d )) V ' v " 

4 

(3.5) \\d t g{u)\\ L1 > ( R)LP '( M d)) < C\\Au\\ ^ ^ LP ^ d ^\\u t \\ Ll ^Lp^d)), 
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(3.6) \\g(u) - G(v)\\ Lq{RiL r {Rd)) 

4 4 

where the constant C is independent of u, v, <p and g, (7, p) is the admissible 
pair defined by (12.2p and (g, r) is an arbitrary admissible pair. 

Therefore, if 6 H 2 with ||A0[|^2 sufficiently small, by Strichartz's esti- 
mates, it follows that the problem (II. ip can be solved by using fixed point 
theorem to the equivalent integral equation(Duhamel's formula) 

(3.7) u(t) = H{u){t) := e itA <J) + G{u){t) 
in the set 

E = {u G IP(R,H 2 >P) n H^(R,LP); || Au|| i7(R>LP) + \\u t \\ LHRM) < 2r]} 

equipped with the distance d(u,v) = \\u — v \\l~i(k,lp) for 7/ > sufficiently 
small. (E, d) is a complete metric space(Indeed, the closed ball of radius 
77 in L 7 (1R, L p (R d )) is weakly compact). By Lemma 5.6 in [4j, we have 
g(u) G C(R,L 2 ) for any u G E, moreover, there is a uniform estimate 

(3.8) HsHIIl~(r,ls) <C\\u\\^ 2d 

L°°(R,L^) 

< C[\\Au\\^ LP) \\u t \\ L y {RiLP) }^ <C(2r,)^. 

To see the details in the construction of global solutions to IVP (II. lh . let 
us define the norm X q: - r (Wt x B^) for every admissible pair (q, r) by 



( 3 -9) !M!x 9 , r :— \\ Au \\Li(R,L r ) + \\ u t\\Li(K,L r )- 

By applying Strichartz's estimates, we can deduce from (13,2p - (13.8p that 

4 

(3.10) ll^wlli^R^r^d)) < C||0|| L2(Rd ) + C , (2r ? )d-4|| u |[ L7(RLP(Rd))) 

(3.11) Xqr < C||A0|| i2 + C(2t,)3^ || U || ^ + C||n||^, 

4 

(3.12) \\g(u) -Q(v)\\ Lq ^ LT{Rd)) < 2C{2ri)d-i\\u-v\\ L1{RM{Rd)) 



for arbitrary u,v € E and admissible pair (q,r), where the constant C is 
independent of u, v, (ft and g. 

Now let constant K be larger than the constant C appearing in the above 
three estimates (|3.10p - (|3.12p for the particular choice of the admissible pair 
= ( 7 ,p). Thus if G H 2 (R d ) satisfies A"||A0|| L 2 < rj with 77 > 
sufficiently small such that 

(3.13) 4K(2r])^ < 1, 

then the estimates (|3.10p - (|3.12p imply that 7~L : E — > E and H is a strict 
contraction on {E, d). Therefore, H has a fixed point u, which is the unique 
global solution of dTTJ in £. Moreover, it follows from (PT2| . (l33|) . ([377]) 
and (IBTTUI) that u, u t G L 9 (M, L r ) n C(R, L 2 ) for every admissible pair (q, r). 
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Since by Lemma 5.6 in [1], we have g(u) G C(R, L 2 ) and uniform estimate 
(JHSJ), the equation (flTTT) implies that Au G C(R,L 2 ) and u G L°°(R,# 2 ), 
the uniform estimate follows from (j3.8f) and (13. lip . One can also deduce 
easily from u G L°°(R,# 2 ) and u G L 7 (R, # 2 ' p ) that u G L q (R,H 2 ' r ) for 
every admissible pair {q, r) with r < p. However, in fact, since d > 8, let 
C (r, d) denote the best constant in the Sobolev inequality 

\\u\\ L r* {Rd) < C(r,d)\\Au\\ L r {Rd) , 

where r G [2, then from sup r C(r, d) = C{d) < oo, ([33|1 . (13^) . (^8|) 
and (|3.11|) . we can infer that by possibly choosing 77 smaller if necessary, 
u G L q (R, H 2,r ) for every admissible pair (q,r). The unconditional unique- 
ness for solutions to (|1.1|) in C(R, i/ 2 (M d )) follows from [SJ [TT](see e.g. 
Proposition 4.2.13 in [5]). 

Now we consider the continuity of the the solution map 4> 1— > u in H 2 (R d ) 
for Cauchy problem (|1.1|) under the restriction 8 < d < 12. Suppose </> n — > <ft> 
in i? 2 (R d ), then we have -?T||A(/> n ||_L2 < r\ for n sufficiently large, thus the 
corresponding solutions u n of (II. ip with initial value 4> n are global for n 
large enough and u n G L q (R, H 2 ' r ), d t u n G L <? (R, L r ) for every admissible 
pair ((?, r). Furthermore, there exists no G N large enough such that 

(3.14) max{||u|U , sup |K|U } < 2rj, 

n>no 

in addition, by possibly choosing rj smaller if necessary, we can deduce from 
Strichartz's estimates and (|3.1ip that for arbitrary admissible pair (q, r), 

(3.15) max{|M|* , sup ||« n ||^ } < C w f). 

n>riQ 

Claim 3.1. Assume 8 < d < 12, we claim that by possibly choosing r\ 
smaller if necessary, we have as n — > oo, 

(3.16) u n ^u in L 7 (R,Z/*(R d )). 

Proof. We will prove our claim in the spirit of Tao and Visan [15]. We have 
to avoid taking full time derivative, since this is what turns the nonlinearity 
from Lipschitz into just Holder continuous of order ^4^, we need to take 

fewer than but more than 1/2 time derivatives instead. To this end, we 
will use the norms U = U(R x R d ) and V = V(R x R d ) defined by 

(3.17) \\u\\u = {^2 2sA ||A,(|| U || i5(Mti) )||! ?(K) } 1 / 2 ; 



(3.18) ||/|| y = {^2 2sfc ||A 



\||2 -1 1/2 

fcez 



which require roughly s degrees of differentiability, where s = 3^+^ , t = 
2 ^d-P ' a = 34^3d an< ^ ^' = W^M • Choosing a particular admissible pair 
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(<li, r i) = ( i 2 ) ' we W ^ a ^ so nee d the Strichartz space W 
W(R x M. d ) defined as the closure of the test functions under the norm 

(3-19) H u l!vWlRx]R d ) := \\ u \\x a 



As the Littlewood-Paley operators on time commute with time derivatives 
of arbitrary order, similar to the Strichartz's estimates for non-admissible 
pairs (Lemma [23]), we can deduce from dispersive estimates and Riesz po- 
tential inequalities (refer to [131116] ) that, there exists a constant C > such 
that for any / G V, 

"lAfcdl f e^ A f(s)ds\\ L r m )\\ Lnm < C||A fe (||/||^ (Rd) )|| Lr(M) . 



'to 

Squaring the above inequality, multiplying by 2 2sk , and summing over all 
integer fc's, we obtain the exotic Strichartz estimate, that is, for any / G V, 

(3.20) || [ t e i ^ A f(s)ds\\ u <C\\f\\ v . 

Note that || • \\u ~ || • \\&. n(AtLz(a d)), II • ||v ~ II ■ \\m, 2 (R,Lz'^ and 



< s 



20^4 



4 

Id - 4| M 



3(d+l) ^ d-4' 

\\g z {v)u\\gs <C\\v\\ d L n 

a' ,2 

obtained in 016], we would expect a nonlinear estimate as follow: 

(3.2i) ll&(t;Hlv<C7|H|^ lxR<) ||«|| l7) 

whenever the right-hand side makes sense. 

To show (I3.2ip . first we prove the following frequency-localized nonlinear 
estimate for any k G Z, 



(3.22) \\A k (\\g z (v)u\\ LT , (Rd) )\\ L a> 



4(1- k) 



Indeed, by scaling, we only need to show (|3.22f) for k = 0. By Minkowski's 
and Holder's inequality, we have 

(3.23) \\A (\\g z (v)u\\ LT j)\\ Lr < J2 l|Ao{||^(«)|| p, 4 K Az(Nk)}llr,f ■ 

To bound the right-hand side of (13,23p . on one hand, by using (|1.3p . (13.19P 

and Holder's inequality, note that H 2 ' Vl (K d ) «->• L r i(IR d ), we get 

(3.24) 

£ ||A {||<fe(w)|| (<t 4K A(|k|Ur)}|| rf <C7[[«||^ ^ ||A(||n|| L j)|| L? ; 

Z>-2 L * 3 «>-2 



CONTINUOUS DEPENDENCE FOR H 2 CRITICAL NLS 9 

on the other hand, by Holder's and Bernstein estimates (see Lemma l2.3p . we 
have 



(3.25) Yl H A o{ll3»ll t±Sll A KIMk)}|l L a' (M) 

K-3 ir^(K d ) 
< C||£>-l(||0*(v)|| (d -4 )r « )||l«(R) Yl W A l(\\ U \\Ll(Rd))\\ L P { 



l<-3 

< C\\g z (v)\\ {d _ i)n (d -4 )r « Yl 2 ^ I \\M\H\ L i(^))\\Lf( 

L^~^~ (R,L^^~ («<*)) z <_ 3 



where ± = - ^ and g = (d+1 ^~ 4) . By flP|> . Holder's inequality 

and Sobolev embedding H 2 ' ri <— > L r i , we get 



(3.26) \\9z(y)\\ (d 4)91 (d-4)r* <C\\v 



4 

| d-4 



By combining the estimates (|3.23p - (|3.26p . we infer that 
(3.27) l|A (||^(u)«|| £ r' (R d ) )|| i a' (R) 



It follows from (|3.27|) that (|3.22|) holds for k = 0, then by scaling, we know 
it holds for any k G Z, this completes the proof of (I3.22p . 
We can rewrite (|3.22p as 

(3.28) 2 sk \\A k (\\g z (v)u\\ LTx , {Rd) )\\ Lr{R) 



for any k € Z, where s = g^fjm • Therefore, we deduce from (|3.17p . (|3.18p . 
(|3.28|) and Schur's test the expected nonlinear estimate as follow: 



4 



(3.29) hMivMvZCMp^Mv, 

whenever the right-hand side makes sense. A similar statement holds with 
g z replaced by g z , and the corresponding proof is identical. 

From Proposition 2.5 in [12], we have the following linear estimate: 



(3.30) ll e ** A ^ll_B^ 1 2 (R,i/ s 2.''(IRd)) < C||V /'/■-!■ | -■-,_'.'■')■ 



where d > 3, < S\ < 1, S2 > and (q, r) is an arbitrary admissible pair. 
Now let us define f := ^^+^68 • Note that (a, f) is an admissible pair and 
fl2(l-s),TQgdj ^ L T (R d ), we deduce from exotic Strichartz estimate (pT2"0j) 
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combined with nonlinear estimate (I3.29|) that 

\\u n ~ U\\u < C\\e ltA ((j) - «^n)||B2 a (]ft,H 2 a-«).-f(Kd)) + C h{ u n) ~ g(u)\\v 
< CU n - 0||^ 2(Rd) + C{\\ Un \\p + \\u\\p)\\ Un - U\\u. 

Thus by (|3.15|) and (|3.19|) . we have for all sufficiently large n> uq, 

4 

\Wn ~ u\\u < C\\(j) n - <£||#2( R d) + CV~ 4 \\ u n ~ u\\U- 

Therefore, by possibly choosing rj smaller such that 

(3.31) Ct]^ < 1/2, 

we can deduce that as n — >• oo, \\u n — u\\jj — > 0. 

Since || • \\u ~ || • \\^ s ^ L r (R d ))i we deduce from (13.15|) and interpolation 
inequalities that 

(3.32) lirn^ \\u n — u\\l~i(r,lp* (R d )) = 0' 

this concludes our proof. □ 
Note that we have the formula 

d t {g{u n ) - g(u)) = g'{u n )d t {u n - u) + (g'(u n ) - g'(u))d t u, 
where g' denotes the complex partial derivatives g z and so it follows from 



(|1.3p . (|1.4p and Holder's inequality that 
(3.33) 



4 4 

d-4 m„, „, ii i ry\\„,\\ il, „, ii d-4 



l|3t(9(«n)-0H)ll r V rp' < 4 II^-'UII^ +C||n||^ ||u n -U|, 

-Lj -La; A 7,P ^ l 7.P ^7.P _L/_L 



7rP 



t "a 



where all space-time norms are onlx M d . Therefore, by Strichartz's esti- 
mates, ([3T2>([3TT4l and (13331 . we have 

4 

(3.34) ll^n-wllL^R^^d)) < C|| ( /)„-0|| L 2 (M d ) +C'r/ d - 4 ||M„-n|| L7(]RiL p 

(3.35) ||u„ - u||_£ 9ip < C||0 n - ^H^^d) + \\g(u n ) - g(u)\\ L v L r {RxRd ) 
+C\\g{(f>n) ~ 9(4>)\\tf<pd) + C\\dt{g{u n ) ~ 9(u))\\ L y LP j {RxRd) 

< c(i + v^ 4 )Hn - Hunm + c v^(\K - u\\x„„ + W u 

4 

+Cr)\\u n - u 



1 q,r 



4 

I d-4 



Now let constant -Ko be larger than the constant C appearing in the above 
three estimates (|3.34p and f|3.35j) for the particular choice of the admissible 
pair (q,r) = (7, p). Then by possibly choosing 77 smaller such that 

(3.36) 4K rjd^ < 1, 

we can deduce from (f) n — > <f> in H 2 (R d ) and Claim O that 

\\ u n - u \\Lt(M.,LP(R d )) ~~ ^ an d \\ u n ~ u \\x (RxR d ) ~^ ®> 
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as n — > oo. The convergence for arbitrary admissible pair (q, r) follows from 
Strichartz's estimates, or more precisely, from (|3.34p and (I3.35j) . 

In a word, we have proved for 8 < d < 12 that, if </> G H 2 (R d ) with ||</>||#2 
sufficiently small and if (f> n — > 4> in H 2 (R d ), u n denotes the solution of (jl.ip 
with the initial value (ft n , then u n is global for n large enough, furthermore, 
u n ^uin Li(R,H 2 ' r (R d )) and (u n ) t -> u t in L"(R, L r (R d )) as n ^ oo for 
every admissible pair (q,r). In particular, u n — > u in C(K, H 2 (R d )). 

This completes the proof of Theorem 11.11 
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